Computer Graphics

Trans formation




Last Lecture

Vectors
- Basic operations: addition, multiplication

Dot Product
- Forward / backward (dot product positive / negative)

Cross Product
= Left / right (cross product outward / inward)

Matrices
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Outline

® Why study transformation

- Modeling

- Viewing
® 72D transformations

® Homogeneous coordinates
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Modeling: rotation




Why Transformatione

3D world 2D image

Point of observation

Viewing: (3D to 2D) projection
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Outline

® Why study transformation

® 7D transformations

- Representing transformations using matrices

- Rotation, scale, shear

® Homogeneous coordinates
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Scale Transform
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Scale Matrix

v
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Scale (Non-Uniform)
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Reflection Matrix

Horizontal reflection:
—

CU,:
y' =y
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Shear Matrix

Hints:

Horizontal shift is 0 at y=0 2! 1 a X
Horizontal shift is a at y=1 y’ 10 1 Y
Vertical shift is always 0
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Rotate (about the origin (0, 0), CCW by default)
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Rotation Matrix

sinf@ cosft

cosf) —sin (9}
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Linear Transforms (Zk{:

v =ax+by

v =cx+dy
2| | a b
'y | | c d

x' =M x

ASHA ) = Matrices

(of the same dimension)
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Questions?



Outline

® Why study transformation
® 2D transformations

® Homogeneous coordinates
- Why homogeneous coordinates

_ Affine transformation
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Translation
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Translation??

T X,y
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Why Homogeneous Coordinates

® Translation cannot be represented in matrix form

B

(So, translation is NOT linear transform!)

® But we don’t want translation to be aspecial case

® |s there a unified way to represent all transformations?
(and what’s the cost?)
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Solution: Homogenous Coordinates

Add a third coordinate (w-coordinate)
- 2D point = (x,y, 1)T

- 2D vector = (x,y, O)T

Matrix representation of translations

x’ t X x+t,
vyl = ty |- {v| = |y+ty
w’ 1 1 1

What if you translate avector?

o O =
o = O
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Homogenous Coordinates

Valid operation if w-coordinate of resultis 1 or O

- vector + vector = vector
+ point - point = vector
- point + vector = point
- point + point =77

In homogeneous coordinates,

T x/w
y | is the 2D point | y/w |, w # 0
w 1
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Affine Transformations ({55#2s4% )

Affine map =linear map +translation
'\ _ fa b\ [z n to
vy )  \e d Yy t,

Using homogenous coordinates:
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2D Transformations noi'sne ordere

Scale
Sy
S(sz,8,) = | O
0
Rotation
COS v
R(a) = [ sina
0
Translation
1
T(t,,t,) = |0
0

— O O

0
Sy
0

— S1n «
COS (v

0
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Linear Transform first or Translationfirst?e

x a b t, T
y | = |c d 1, Y
1 0O 0 1 1

homogenous coordinates



Inverse Transform

M—l

M 1! is the inverse of transform M in both a matrix
and geometric sense
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Composing Transforms

HE A




Composite Transform
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Translate Then Rotate?
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Rotate Then Translate!
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Transform Ordering Matters!

A A A
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Transform Ordering Matters!

Matrix multiplication is not commutative

Ras -Ta0y F Ta0) - Ras

Note that matrices are applied right to left:

_ 1 0 1] [cos45° —sindb°
Tii0) - Ras |y = |0 1 0f |sin45°  cos45°
1] o0 1] O 0
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Composing Transforms

Sequence of affine transforms A;, Az, As, ...

« Compose by matrix multiplication

1

Pre-multiply n matrices to obtain a
single matrix representing combined transform

Very important for performance!
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Decomposing Complex Transforms

How to rotate around a given point c?
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Decomposing Complex Transforms

How to rotate around a given point c?
1. Translate center to origin
2.Rotate
3. Translate back

Matrix representation?

T(c) - R(a) - T(—c)
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3D Transforms



3D Transformations

Use homogeneous coordinates again:
e 3D point = (Xx,y,z, 1)T

e 3D vector = (x,Yy,z, O)T

In general, (X, Y, z, W) (w!=0)is the 3D point:

(X/W, y/Ww, Z/W)
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3D Transformations

Use 4x4 matrices for affine transformations
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3D Transformations

Scale

Translation

s, 0 0 0
0 s, 0 0
S(SJU Sy SZ) — 0 (;U Sz 0
0O 0 0 1

1 0 0 ¢,
O 1 0 ¢t
T(tx,ty,tz> = 0 0 1 tz
0O 0 0 1
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3D Transformations

Rotation around x-, y-, or z-axis y
Rotation
1 0 0 0 around
0 cosa —sina 0 X-axis
R (o) = 0 sinaw  cosa O
0 0 0 1 —
cosae 0 sina O
z
R,(a)=| Y 1 9 0
: —sina 0 cosa 0
o 0 0 1 \
cosa —sina 00 Anything strange about Ry 2
sinae  cosaa 0O O
R (a) 0 0 1 0
0 0 0 1
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3D Rotations

Compose any 3D rotation from Ry, Ry, R;?

R:L'yz (Oé, ﬁv /}/) — RJD‘ (O{) Ry (ﬂ) RZ (7)

* So-called Euler angles

* Often used in flight simulators: roll, pitch, yaw

Center of
mass
v |
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Rodrigues’ Rotation Formula

Rotation by angle a around axis n

0 —n., ny
R(n,a) = cos(a)I + (1 —cos(a))nn? + sin(a) | n. 0 —ny
—Ty Ny 0

N

How to prove this magic formula?

Check out the supplementary material on the course website!
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Rodrigues’ Rotation Formula

RIHIEFIE N

EREIREATURIIAR, ImTEFZRYBIEEE Rl (Leonhard Euler(1707-1783))
AR SHIERE, AT IFAFIEF. AMXMESFURIMIEIEIFEEE.
BRIEk, WEEEIN, EEXMEFIRHESAKEX,

eI LR A Eb RN, (BEREZmes, FREMRFFInEF TR
IREEENTIES., MEIREAIRERZEHNFRANE BEE TEER(Benjamin
Olinde Rodrigues(1795-1851)&H, &34 N AERZ i,

RVE— I =HZTERE, KSR NEE, NVEEFEIRENEN T5hekk
ke R ESRIRNEETLIH="FHENREY, ki< vigRRIRERRT

Vit = oSOV + (1 —cosf)(v-k)k +sinfk x v
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v, = k(k-v)
v = - kx(kev) = v - k(kv) I-cosy
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Thank you!
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