Computer Graphics

Review of Linear Algebra




Last Lecture

® Course Topics/ Logistics

® What is Computer Graphics?
® Short history of Computer Graphics
® Applications of Computer Graphics

® Difference between CG and CV?



Introduction to Linear Algebral

(Linear Algebra in Computer Graphics...)



Graphics’ Dependencies

® Basic mathematics
= Linear algebra, calculus, statistics

® Basic physics
- Optics, Mechanics

® Misc

_ Signal processing

- Numerical analysis

® And a bit of aesthetics



Graphics’ Dependencies
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This Course

® More dependent on Linear Algebra
_ Vectors (dot products, cross products, ...)

_ Matrices (matrix-matrix, matrix-vector mult., ...)

® For example,
- A point is a vector (?)

- An operation like translating or rotating objects
can be matrix-vector multiplication



AN Example of Rotation

Rendering Glints on High-Resolution Normal-Mapped Specular Surfaces, Linggi Yan, 2014
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Scalar

® Examples: 1, 2, 3, 0.5, 0.9, 4.7 ...
® Usually written as

® How many / much

® Scalar in CG: length, number, ....

® Operation: +-X/

SCALAR

9 &

VOLUME TEMPERATURE

O =

SPEED




Vectors

B B’
/ B /
A A
ﬁ

® Usually written as (7, or in bold ,
® Or using start and end points AL — B — A
® Direction and length

® No absolute starting position
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Vector Normalization

® Magnitude (length) of a vector written as Hﬁf H

® Unit vector

- A vector with magnitude of 1
- Finding the unit vector of a vector (normalization): § — ¢ / H(_f H

- Used to represent directions

10 3 eI EEFERRA—RE



Vector Addition

a

a—+b

b

a a

® Geometrically: Parallelogram law & Triangle law

® Algebraically: Simply add coordinates
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Vector Subtraction

S

S|
Sy

S



Cartesian Coordinates

® X and Y can be any (usually orthogonal unit) vectors

A= (1) AT=(eg) IAI= Ve

Y



Vector Multiplication

® Dot product (/i3f)
® Cross product

® Orthonormal bases and coordinate frames
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Dot (scalar) Product

b
L’
a

a-b=|al||b| cos 6
® For unit vectors

—

a-b cosl = a - b
|dl|]|b]

cos 0 =



Dot (scalar) Product

® Properties



Dot Product in Cartesian

Coordinates
® Component-wise multiplication, then adding up
- In2D
o 7 Lq Lp
a-b= : = X,Tp + Yg
In3D

La Ly
a-b=\vya| |y | =2axs+ yalh + Za2
Za Zbh
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Dot Product in Graphics

® Find angle between two vectors
(e.g. angle between light source and surface)

® Finding projection of one vector on another

15/8]Dot Producti{a]sCIl_iARF N IhEE?
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Dot Product for Projection

e }, : projection of b ontod
- b, must be along @ (or along &)
- by =ka
- What's its magnitude k?
= k= lbLll = [Ib]| cos 6

AY|

Dot ProductizECGERARBFHAIHEENR?
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Dot Product in Graphics

® Measure how close .
two directions are b—by

Sy

® Decompose a vector
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Dot Product in Graphics

a

® Measure how close
two directions are

® Decompose a vector

forward

backward

® Determine forward /
backward

dot product > or <0
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Vector Multiplication

® Dot product
® Cross product (X 3f)

® Orthonormal bases and coordinate frames
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Cross (vector) Product

axb=-bxa
laxb|=|fal|lo|sing

® Cross product is orthogonal to two initial vectors
® Direction determined by right-hand rule

® Useful in constructing coordinate systems (later)
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Cross product: Properties

TXYy=-+2
UXT=—2
y X Z=+x
X Y=—T
ZX T =+y

=
X
N
|
|
<y
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Cross Product: Cartesian Formula@e

. Ya<b — Ybza
axb = | zoxp — Tyzp

Lalv — Yalb

® | ater in this lecture

ixb=A%=/| 2. 0 —z.| | w
—Yqa Laq 0 <b

dual matrix of vector a
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Cross Product in Graphics

S

® Determine left /right

® Determine inside / outside 0

S|

i5i)Cross Productil{a]sCil_EiAThEE?
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Cross Product in Graphics

A

b
4 )L




Any other methods?

A



Vector Multiplication

® Dot product

® Cross product

® Orthonormal bases and coordinate frames (1EAZF:MI4EFR &)

29



Orthonormal Bases / Coordinate Frames

® Important for representing points, positions, locations

® Often, many sets of coordinate systems
= Global, local, world, model, parts of model (head,
hands, ...)

® Critical issue is transforming between these systems/
bases
= A topic for next few weeks
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Orthonormal Coordinate Frames

® Any set of 3 vectors (in 3D) that

|
(-

|l = [[v]l = ||w
i-T=0-T=a-7=0
U_j — ”L_lj X ,5* (right-handed)

p= (7 D+ (50

(projection)
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Questions?



Matrices

® Magical 2D arrays that haunt in every CS course

® In Graphics, pervasively used to represent transformations

- Translation, rotation, shear, scale
(more details in the next few lectures)
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What 1s a matrix

® Array of numbers (m X n = m rows, n columns)

o O =
_ N QO

® Addition and multiplication by a scalar are trivial:
element by element

34



Matrix-Maftrix Multiplication

® # (number of) columns in A must = # rows in B
(MXxN)(NxP)=(MxP)

F)esey

o Ot =
_ N QO
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Matrix-Maftrix Multiplication

® # (number of) columns in A must = # rows in B
(MXxXN)(NxP)=(MxP)

I 3 9 7 33 13
o 2 (; g g ;L) =119 44 61 206
0 4 8 28 32 7

® Element (i, j) in the product is
the dot product of row i from A and column j from B
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Matrix-Maftrix Multiplication

® Properties

- Non-commutative (AN EiTHRE)
(AB and BA are different in general)
- Associative and distributive (&&EFIHOHENMER)

= (AB)C=A(BC)
= A(B+C) =AB +AC
- (A+B)C=AC +BC

37



Matrix-Vector Multiplication

® Treat vector as a column matrix (mx1) (why?)

® Key for transforming points
® Official spoiler: 2D reflection about y-axis
—1 0 r\ [—x
0 1 Uy Y
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Transpose of a Matrix

® Switch rows and columns (jj -> ji)
T
(1 3 5
23 -0

(AB)' = BT A"

Ot W
Sy =~ N

® Property



|[dentity Matrix and Inverses



Vector multiplication in Matrix form

® Dot product?

i-b=alb
e
= (20 Ya Za) | W | = (TaTy + Yalp + Za2)
b

® Cross product?

. O _Za, ya Zlfb
axb=A"b=\| z, 0 —x, Y
—Ya Lq 0 Zb

dual matrix of vector a
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An Example of General Transformation

o
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Dagon engine - Sponza scene (gITF with PBR materials)
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Liblgp (Low Level Geo Pack)

» StatisticsCombinationSet it Al A 2L, 115

» StringDataStructure FTH R AT R R, K224
» BasicGeomFunctions IR TUAT & AL, 435

» BasicMathFunctions AR HA, Elofb
» Transformation AR TR M A, R 149
» |OFunctions Bronda s &3, 165
> Graph LR k6 d A, 3
» DevelopmentRelated T, E13F

s

* Include "libhgp.h" in your code #include"libhgp.h" .
* Use namespace ‘libhgp": using namespace libhgp; .

* Add the following code to the main function to test libhgp.
auto a = PL().HGP_2D Distance Point_Point_C(Vector2d(®, ©), Vector2d(l, 1));

https://github.com/haisenzhao/liblgp stdicer << @ << std: endl;

s Click "Local Windows Debugger”. Seeing these words, it means that the run was successful.

E) D:CallLibhgp\x64\Debt X + v
L

LoadLibrary success

43 1.41421



Libhgp (High Level Geo Pack])

AL
- ITEIEE (2. BE%. &k, 5%, 20K, ZOREASF)

KR = (BB, &kz(E). iz (E%F)

s MARIRIE CTE®EIR. X, Ay . FLEEH)

s KRB E GRB=AEMIETE. . LBINEmEER)
ITE (BE. X, ZMF)

https://github.com/haisenzhao/libhgp
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Questions?



® Transformation

‘‘‘‘‘

TRANSFORMERS

WwRaSTH OF UnicrAOn

N THEATRES, REAL D 3D AND IMAX 3D
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Thank you!
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